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1 Introduction

Recently, inverse problems are more attracted the attention of experts, because their applied
and theoretical significance. The special roles among the inverse problems play the problems
of determining the coefficients of the considered equations. In some cases the properties of the
investigated medium (coefficients of the equations) are unknown. And then the inverse problems
arise that requires reconstructing the coefficients of the equation by given information regarding
the solution of the direct problem. A lot of papers devoted to the solution of such problems due
their strong relation to the practice (see (Kabanikhin, 2009); (Iskakov et al., 2014); (Yonchev,
2017) and the works cited therein).

2 Statement of the problem and main results

Consider the problem of determining a pair (u(z,t), v(x,t)) € W4(Q) x Lo (Q) from the following
relations

‘Zztfj = ngg ol = fz,t), (,t)eQ=/(0,1)x (0,T), (1)
u(@,0) = uo(z), aug’;’o) —uy(z), 0<z<l, 2)
w(0,t) =u (I,t) =0, 0<t<T, (3)
w(@it) = gi(t), 0<t<T, i=1,., n, (4)

0
where f € Lo(Q), ug € W3(0,1), up € L2(0,1), g; € L2(0, T) are given functions, x; €
(0, 1) - various given points.
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The problem (1), (2), (3) for a given function v(z,t) is a direct problem in the domain Q,
and the problem (1)-(4) an inverse problem to the problem (1)-(3).

Let us reduce the inverse problem (1)-(4) to the following optimal control problem: to find
a function v(x,t) from

V={v(xt) € Lo(Q): v (z,t) € [0, 3] ae. Q},

that minimizes the functional

T n
R =5 [ > oo 3 ) = (0] (5)

subject to (1)-(3), where wu(z,t; v)is the solution of the problem (1)-(3), where v = v (x,t),
a, B, a < B are given numbers, v(z,t) - control and V- the class of admissible controls.
Note that if mi‘r/l Jo(v) = 0, then the additional conditions (4) are satisfied.
ve

Let us regularize the problem (1) - (3), (5) as follows: find a function v(x,t) from V, that
minimizes the functional

T n -
Je(v) = ;/0 ; [u(as, t; v) — gi(t)] 2dt + 2/Q(U — w)?dx dt, (6)

where ¢ > 0 is given number, w(x,t) € L2(Q) is a given function. This problem we call a
problem (1) - (3), (6).

As a generalized solution of the boundary value problem (1)-(3) from W3 (Q) for each fixed
control v € V we assume the function v = u (x,t; v) from W21,0 (Q), that is of the equal to
up(x) by t = 0 and satisfies the integral identity

fQ [—%ﬁf- %?—I—%;- %—l— v(z, t)un} dx dt —féul(x)n(x,())dx =

= Jo [z, t)ndxdt, (7)

for all n = n(x,t) from W21,0 (Q), equal to zero for t =T

It follows from the results Ladijhenskaya (1973) (p.209-215) that by imposed above conditions
for each fixed v € V problem (1)-(3) has a unique generalized solution from W3 (Q) and the
estimate

lullwzo) < € (ol + el sy + 1L - (8)

is valid.
Here and later on we denote by ¢ various constants, not depending on the estimated quantities
and admissible controls.

Theorem 1. Suppose that the conditions of the formulation of the problem (1) - (3), (6) are
satisfied.

Then there exists a dense subset G of the space La(Q), such that for allw € G withe > 0
the problem (1) - (3), (6) has a unique solution.

Proof. We prove the continuity of the functional

IR 2
B = 5 [ Dol 1)~ i) "
in the norm of the space Ly(@) in the set V.
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Let v € Loo(Q) be an increment of the control on the element v € V such that v+dv € V.
Denote d u(z,t) = u(z,t; v+dv) —u(z, t; v). It is clear that the function ¢ u (z, t) is a generalized
solution from W3 (Q) for the boundary problem

0?6u  9*5u

52 —W+(v+5v)5u——uév, (z,t) € Q, (9)
Sulimo =0, 85% 0=0, 0<z<l, (10)
du(0,t)= du (l,t) =0, 0<t<T. (11)

The generalized solution W (Q)of the problem (9)-(11) is equal to zero by ¢ = 0 and satisfies
to the identity

odu On Oéu On _
/[8t e 835] drdt = /Q[(v—&—dv)éu—i- udv] ndzdt, (12)

for all n = n(z,t) € Wy, (Q), equal to zero by t = T.
Let us prove that for the solution of the problem (9)-(11) the following estimate is valid
For this purpose we use Faedo-Galerkin method. Let {¢x(x)} be a fundamental system in

W2 (0,1) and fo oi(x) pm(x) de =6} , where ¢;* is Cronekker’s symbol.
Approximate solution of the problem (9)-(11) we search in the form

k=1
from the relations
l 925, N l N
0“6u ddu”  dpm(x)
. on(x)d ) d
/ az 7 (z) do + 0 Ox dx v
(14)
! !
+/ (v+0v)dulN o (x) de = —/ uwdvpm(x) de, m=1,...,N,
0 0
del (t
cr (0) =0, Qt( ) li=0 = 0. (15)
The equality (14) is a system of linear ordinary differential equations of the second order
d2 N
relatively ¢ for the unknown functions c; N(t), k = 1 N solved with respect to dtc§ . This

system is unlquely solvable by initial data (15), and 2 dtg E L5(0,T). Multiplying each equality
from (14) by its E cN(t) and summing relatively m from 1 to N we get

1825’&]\[' o8 uN dr + l(%uN' 926 uN de —
0 8t2 8t 0 856 3tc")x -
t o8 uN ! A8 uN
_ N _
= /0(v+5v)(5u 5 dx /Ouév 5 dz .

From this under the imposed conditions we get

/Ol {(a‘zzN)z (C%u ]d <c// [}5 N‘ +‘35u
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Since the fixed solution u = u(x,t;v) of the problem (1)-(3) has a property
0
ueC ([O,T] ;W4 (0, l))7 (Lions & Madjenes, 1971)(p.307) this function can be assumed con-

tinuous on Q. So it is bounded on Q. Then from the above inequality follows that

L[ (o) ool L i (5 e [ [

0
Considering the equivalency of the norm in WQI(O, l) from the last we obtain

l N |2 N\ 2
/0[\5u\+'at’+<ax
t ol douy o0du
< N2 2
_C/o/o [((M ) —I—( 5 ) <6x )]dxds—i-c//wv\ dzxds.

Applying here Gronwall’s lemma we get
2 T l
dx < c/ / |6v| 2dxdt, Yt € [0,T).
0o Jo

dr <

aouN [* | asuN
ot ox

/

Integrating this over t from 0 to T we arrive to

}5uN‘2+‘

80"y < elldvlly () -

This inequality allows one to choose a subsequence (we denote it also by {5uN }) from the
sequence {5uN } ,N =1,2,..., that converges weakly in W} (Q) to some element du € W (Q).

Since the norm in the Hilbert space is weakly lower semicontinuous, it follows from the last
that for the weak limit du of the sequence {5 ulv } in W} (Q) the following estimation is valid

10 ullwaqy < ¢ ll0vllpyq) -

Thus the estimation (13) is proved.
Following the embedding theorem (Ladijhenskaya, 1973)(p.70) W (Q) is bloodedly embed-
ded into L2(0,T") so from (13) follows that

10w (i, ) y0,m) < ¢ 0ullypgy S clldvlp,gy.i=1,..n

Therefore

10w (24,t) = 0by [[0v]l1,q — 0 (16)

2001,

Increment of the functional J,(v) we can write as

AJy(v) = Jo(v + dv) — / u(zi, t;v) — gi(t)] du (x;,t))dt + — /Z|6u z;,t)| 2dt .

From this and (16) one can get the continuity of the functional J,(v) with respect to the
norm of the space La(Q) on the set V.

Thus the functional Jy(v) is continuous and lower bounded on V. The set V is closed and
bounded in the uniform convex Banach space L2(Q). Then the statement of the Theorem 1
follows from the known theorem (Goebel, 1979). Theorem is proved. O
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Now we study Frechet differentiability of the functional (6).
Let ¢ = 9(x,t;v) be generalized solution from W3 (Q)of the adjoint problem

9%y 9% "

w—@—l—vw:—Z[u(m,t;v—gi(t)]é(a:—xi), (17)
=1
1/] t=T 07 a@i{j = 07¢(07t) = w(ht) = 07 (18)
t=T

where 6(x) is Dirac function.

As a generalized solution from W} (Q) of the boundary problem (17), (18) by given v € V,
we take the function ¢ = ¢ (z,t;v) from W} (Q) that is equal to zero by t = T' and satisfies the
integral equality

oY 0 oY 0
/ 00 O St ] doat - Z / u(ai, ) — gi(®) ples it (19)

for all equal to zero by ¢ = 0 functions pu = p(x,t) € Wy (Q).
Since u € W3 (Q) in the equality (19) u(x;,t;v) has a sense.

Theorem 2. Let the conditions imposed on the data of the problem (1)-(3), (6) be fulfilled.
Then the problem (17), (18) has unique generalized solution from W3 (Q).

0
Proof. We'll use Faedo-Galerkin’s method. As a fundamental system {px(z)} in W2(0,1) we

o0
take {\ﬂsm “lkx} .
k=1

Approximate solution 1™ (z,t) we search in the form

N
t) = C (t)en(x)
k=1

from the relation

1821/)]\[ lawN dﬁﬂm n
Wgomd —i—/o W%dx = ; [u(zi, t;v) — gi(t)] om(zi),m =1, ..., N, (20)
and
N
o) =0,2% Wy (21)

dt
The equality (20) is a system of linear differential equations of the second order with respect

2N
to t for all unknown C’,]gv(t), k=1,...,N, solved relatively %, and the terms

D [u@i, t;0) — g(t)] om(@:) € Lo(0,T)
i=1

. This system is uniquely solvable by initial data (21) and ¢ dt2 6 Ly(0,T).
Multiplying each of equalities from (20) by its own 3 4 CON(t) and taking a sum with respect

to m from 1 to N we arrive to the equality

1 92, N N l N 2, N
8¢—8¢ da:+/aw -8wd
0

L or  otox
l
== 3 futei tiv) - (1) o) /wNawa(tx,wdx
- 0
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or

1d [']/opvN? fopNN\?|
2dl 0[(81&) +<ax) do =

n N (g / Ng
== [u(zi,t;v) — gi(t)] W - /vaWd:U

i=1 0

From this integrating over ¢ from ¢ to T' considering (21) we obtain

L) (8;@?)2]

T 1
_ 'S e\ O ( ﬂfw N(g 81/1N(x s)
= 2/t Z [u (x;,8;0) — gi(s)] —=—+ 2t/o/v¢ 5 ——Zdxds.

i=1

Successively solving the system of ordinary differential equations (20) with respect to the un-
known functions C1¥(¢),...,C¥ (t) under conditions (21) and using some known properties of

trigonometric functions we find that ‘ r” ’ < ¢ uniformly relatively N and ¢t € [0,77], ¢
1,...,n.
Therefore there exists a constant ¢ such that
0 : Loy (a,t)|?
o (i, 1) gc/ @O i1,
ot 0 ot

Then it is clear that

[y (e
+C/tT/0l [W\,(%S)‘QJF'WN(;:’S)

0
Considering the equivalency of the norms in W3 (0,1) we have

! N
/ [MN‘ —1—'82)/; d:tgc/ Z]u z;,5;0) — gi(s)| 2ds+
0 0

e[ [ (g@ﬂ e

From the last applying the Gronwall’s lemma we get
K

2
; ot

ox
T n
SC/ > Julwi ) — gi(t)] *dt,  Vt € [0,
0 =1

da:</ Z\u (21, 5:0) — g(s) [ ds+

L ‘awx,s) i
Ox

] dxds.

N |2
9

K

N |2

o+ |2

dx <

or

T n
ii¢NiiW5(Q) < C/o z_; lu(zi, t;0) — gi(t)| 2dt. (22)
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Now doing as in Ladijhenskaya (1973) (pp.214-215) we obtain that the weak limit ¢(x,t) of
the sequence {¢" (z,t} by N — ooin W3 (Q) is a generalized solution of the problem (17), (18).
The uniqueness of the solution of the problem (17), (18) is proved by standard way. Theorem
is proved. O

Note that, considering the weak lower semicontinuity of the norm in the Hilbert space, for
the limit function ¥ (z,t) the inequality (22) hold true, i.e.

T n
T p——_ /O S (i, t50) — go(t) dt. (23)
=1

Taking into account here the estimate (8) and the fact that W4(Q) is bounded embedded
into L2(0,T") (Ladijhenskaya, 1973)(p.70) we get

H¢||W21(Q) <c !||u0’W21(0,l) + ||U1”L2(0,1) + ||f||L2(Q) + Z ||9iHL2(0,T) : (24)
i=1

Theorem 3. Let the conditions of the Theorem 1 be fulfilled. Then the functional (6) is con-
tinuously differentiable in the Frechet sense on V and its differential at the point v € V' by the
increment 0v € Loo(Q) is defined by the formula

< J.(v), 60 >= / updvdxdt + 5/ (v — w)dvdxdt. (25)
Q Q

Proof. Consider the increment of functional (6):

AJ:(v) = J:(v+dv) — / u(zi, t;v) — gi(t)] dulx,, t)dt+
(26)
+e fQ(v — w)dvdxdt + 5/ Z |ou(z;, t)] 2dt + = / |6v|? dzdt .
0

If take n = ¥ (z,t;v), in (12) take p = du (z,t) in (19) and add the obtained relations then
we get

/ u(x, t;v) — gi(t)] du(ax;, t)dt = / uwévdxdt—i—/ Yovéudzdt.
Q Q
Considering this in (26) we have
AJ:(v) = / [updv + (v — w)dv] dxdt + R, (27)
Q
where
= / Yovdu drdt + 1/ Z 6w (s, t)| 2dt + = / |6v|? dzdt . (28)
Q 2.Jo

It is clear that the expression in the right hand side of (25) by given v € V defines a linear
functional of dv. Moreover

/Q )+ (v — w)] 5vdmdt‘ < Nl Ly 1L, o 160111y + €110 = @l iy - 160 ooy <

<o [lullwyg) - Wlwycg) + v = @l 19002 @)

If to consider here the estimations (8), (24) we get boundedness of the functional in the right
hand side of (25) with respect to ov .
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Now we estimate the remainder term R, in (27). Using Cauchy-Bunyakovski inequality we
get

1 & €
B < 190 - 100 o) - 1000 1) + 5 D 10u(@ss DIIT, 1y + 5 100117 o)
i=1
Considering here the boundedness of the embedding W} (Q) — L2(0,7), (Ladijhenskaya,
1973)(p.70) and (13), we get R =0 (HévHLm(Q)). Then as follows from (27) the functional (6)

is differentiable in Freshe sense on V' and the formula (25) is valid.

Let us show that the mapping v — J.(v) defined by the equality (25) acts continuously from
V to the adjoint to Lo (Q) space (Loo(Q))*.

Let dv(z,t) = ¢(z,t;v + 6v) — Y(x, t;v). From (17), (18) follows that dv is a generalized
solution from W} (Q) for the boundary problem

0250 D261
52 " 9.2 +vép = — ;&Lwt (x — ), (29)
30 iz = 0, B8 = 0,60(0,1) = b1, 1) = 0. (30)
t=T

Similarly to (23) the estimate

109 lwaq) < CZ 16w (i, )l Ly0.0) 1 = Lsoves

=1

is valid.
Due to the boundedness of the embedding W (Q) — L2(0,T) (Ladijhenskaya, 1973)(p.70)
from the last follows that

106 lhws 0 < € ldullis g - (31)

Then (31) and (13) give the estimation

”5¢HW21(Q) <c H(SUHLOO(Q) : (32)

Using (25) and Cauchy-Bunyakovski inequality we get

o an) — L) o<

< clllully, @ 11991y + Wl Ly - 10Ul LyQ) + 10ull @) - 10% 1) | +e 00l (o)

Due to (13) and (32) the right hand side of this inequality tents to zero by [|dv[|, o) — o

*

From this follows that v — J.(v) is a continuous mapping from V to (Leo(Q))*.
Theorem is proved. ]

Theorem 4. Let the conditions of the Theorem & be fulfilled. Then for the optimality of the
control vy (z,t)in the problem (1)-(3), (6) it is necessary the fulfillment of the inequality

/Q [us(x, ) (z,t) + e(vi(z,t) — w(z,t))] (v(x,t) — ve(2.t))dzdt > 0, (33)

For any v = v(z,t) € V, where u.(x,t) = u(x,t;v4), Yu(x,t) = (2, t;04) is a solution of the
problem (1)-(3) and (17), (18) correspondingly by v = vi(x,t).
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Proof. The set V' is convex in Lo (Q). In addition, according to Theorem 3 functional J.(v)
is continuously Frechet differentiable on V' and its differential at the point v € V is defined by
(25).

Then by Theorem 5 from (Vasilyev, 1981)(p.28) on the element v, € V it is necessary
fulfillment of the inequality < J.(vs),v — v, >> o for all v € V. From this and (25) follows the
validity of (33) for all v € V. Theorem is proved. O

Note. On the basis of the obtained necessary condition an iterative algorithm can be offered
for finding the approximate solutions of problem (1)-(3), (6).
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